GLOBAL CONVERGENCE RATES IN THE RELAXATION LIMIT FOR
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ABSTRACT. We study two relaxation problems in the class of partially dissipative hyperbolic
systems: the compressible Euler system with damping and the compressible Euler-Maxwell
system. Within a Sobolev framework, we derive a global convergence rate between the strong
solutions of the relaxed Euler system and the porous media equation in R? (d > 1) for ill-
prepared initial data. In a well-prepared setting, we derive a rate of O(g?) between the solutions
of the compressible Euler system and its first-order asymptotic approximation. Concerning the
Euler-Maxwell system, we prove the global strong convergence of its solution to the drift-
diffusion model in R3. These results are achieved by developing an asymptotic expansion
approach that, together with stream functions, ensures global-in-time error estimates.

1. INTRODUCTION

Relaxation phenomena occur in a wide variety of physical situations, such as modeling blood
flow with friction forces, non-equilibrium gas dynamics, kinetic theory, traffic flows, and more
(see [3,44,47]). They emerge whenever a ”stable” equilibrium state of a physical system is
perturbed. In this case, systems are described by a set of equations where the source terms
contain a large coefficient e~ with ¢ > 0 representing a time-relaxation parameter that is
related to physical quantities. As ¢ is small, the solution exhibits a rapid relaxation towards
equilibrium.

In this paper, we consider two classical hyperbolic systems with relaxation in the whole space:
the damped compressible Euler system and the damped compressible Euler-Maxwell system.
In both cases, global-in-time asymptotic stability as the time-relaxation parameter ¢ goes to
zero is established in Sobolev space.

1.1. The compressible Euler system with damping. First, we consider the Euler equa-
tions with relaxation in several space variables:

Op + div(pv) =0,
|

1.1
. () + div(pr © 1) + (o) = 2.

with the initial condition

(1.2) (p,v)(0,2) = (5, v5) (@),
(

for the time ¢ > 0 and the position x = (z1, s, -+ ,24) € R%. Here, € € (0,1] is the relaxation
time, p = p(t,x) > 0, u = (u',u?,--- ,ud)(t,z) and p = p(t,z) are the density, the velocity
and the pressure function, respectively. We are interested in strong solutions that are small

perturbations of the constant equilibrium
(ﬁ ) ﬁ) = (ﬁ ) O)
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where p is a given positive constant. Additionally, we assume that the pressure is a function of
the density p and
(1.3) p € Ce(RT),  p'(p) > 0.

Without loss of generality, we assume that p = 1 in the following. Under the diffusion scaling

() (t,2) = (p, %1) (éx) :

the system (1.1) and the initial condition (1.2) become

(1.4) Oyp® + div(pfuf) = 0,
| 20,(p*u) + € div(ptu® ® u°) + Vp(p*) = —pu,
and
5 : € 1 e
(1.5) (P, u)(0,2) = (p§, ug) (x) with wug = ~ Y-

Formally, let us denote
(p*,u*) = lim (pe,us).

e—0
As e — 0, we expect that

(1.6) Opp” + div(p*u”) =0,
' Vp(p*) = —p*u* (Darcy’s law),
which yields a filtration equation for the density

(1.7) Op" — Ap(p*) =0,
subject to the initial condition
(1.8) 5(0,7) = ().

In particular, for the v-law p(p) = a?p” with a > 0 and v > 1, we recover the porous medium
equation.

1.2. The compressible Euler-Maxwell system. We also consider the three-dimensional
compressible Euler-Maxwell system

(@p + div(pv) =0,
I (pv) + div(pv ® v) + Vp(p) = —p(E + v x B) — %,
(1.9) O F —V x B = pu,

OB+V xE=0,
divE =1—p, div B =0,

\

where the unknowns p = p(t,z) > 0, v = (u*,v*,u3)(t,z), £ = (E', E* E®)(t,r) and B =
(B, B?, B3)(t, ) stand for the density, the velocity, the electric field and the magnetic field,
respectively, at the time ¢ > 0 and the position z = (z1,x2,23). The term p(E + u X B)
corresponds to the Lorentz force, and p = p(p) denotes the pressure function that satisfies
(1.3). We supplement system (1.9) with the initial conditions

(1.10) (p,v, E,B)(0,2) = (p5, ug, Eg, By)(x),
and we assume that
(1.11) div E5 = 1 — pg, div B5 = 0.

Note that under (1.11), the constraint relaxations in (1.9) hold true for all (¢,z) € RT x R®.
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We are interested in strong solutions of (1.9) that are small perturbations of the constant
equilibrium
(p,u, E,B) =(1,0,0, B°)
where B¢ € R? is a constant vector. For these solutions, we will investigate their diffusion limit
corresponding to the scaling

(ps,uE,EE,BE)(t,x) = (p, %v,E, B> (é,x) )

The diffusively rescaled Euler-Maxwell system reads:
(0,07 + div(pfuf) = 0,

e20y(p7uf) + 2 div(pTu® @ uf) + Vp(pf) = —p° (E* + eu® x B°) — pu’,
(1.12) e, FF — V x B = epfuf,

e B +V x Ef =0,
(divEs=1—pf, divB* =0,
supplemented with the initial data

1
(1.13) (p°, v, E°, B%)(0,2) = (p§, ug, Eg, By) (z)  with ug := —uy.

Setting
(p",w", E", B") = lim (%, u", ¥, BF),
formally, the dynamics of (1.12) as e — 0 is expected to be governed by
(0,p* + div(p*u*) = 0,
prut = —Vp(p*) — p E",
(1.14) V x B* =0,
V x E* =0,
ldivE*=1—-p*, divB*=0.

The divergence-free and curl-free conditions imply that B* is a constant vector. Moreover,
setting A=2 = (—A)~!, there exists a potential function ¢* = A=%(p* — 1) such that

E* =Vo¢* = A2Vp*.
It follows that (p*, ¢*) solves the drift-diffusion system

(1.15) {atp* — div (Vp(p") + p*Vo") =0,

Apr=1—p",
subject to the initial data
(1.16) 5(0,7) = ().

1.3. Literature on damped Euler equations and partially dissipative hyperbolic sys-
tems. Before stating the paper’s findings, we recall recent efforts devoted to studying partially
dissipative hyperbolic systems of the type:

H(V)

d
j pu—
(1.17) OV +) A(V)D,,V p—

J=1

where the unknown V = V/(¢,x) is a N-vector valued function depending on the time variable
t € RT and on the space variable x € R%(d > 1). The A (V) (j = 1,..,d) and H are given
smooth functions on a state space Oy € RY. Note that in the absence of source term H(V),
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(1.17) reduces to a system of conservation laws. In that case, it is well-known that classical
solutions may develop singularities (e.g., shock waves) in finite time, even if initial data are
sufficiently smooth and small (see Dafermos [11] and Lax [23]).

A typical example is the following isentropic compressible Euler equations with damping
(1.1). For initial data being small perturbations in Sobolev spaces H*(R?) (s > [2] + 2),
the global well-posedness and asymptotic behaviors of classical solutions for (1.1) have been
studied in numerous works. In Sobolev spaces, Sideris, Thomases and Wang [40] and Wang
and Tang [45] studied the optimal time-decay rates of solutions. In the case ¢ = 1, a natural
question arises: what conditions can be imposed on H (V') so it prevents the finite-time blowup
of classical solutions? Chen, Levermore and Liu [5] first formulated a notion of the entropy for
(1.17). Imposing a technical requirement on the entropy, Yong [53] proved the global existence
of classical solutions in a neighbourhood of constant equilibrium V € RY satisfying H(V) = 0
under the Shizuta—Kawashima condition [39]. We also mention that Hanouzet and Natalini [17]
obtained a similar global existence result for the one-dimensional problem before the work [53].
Subsequently, Kawashima and Yong [22] removed the technical requirement on the dissipative
entropy used in [17,53] and gave a perfect definition of the entropy notion, which leads to the
global existence in regular Sobolev spaces. Then, Bianchini, Hanouzet and Natalini [2] showed
that smooth solutions approach the constant equilibrium state V' in the LP-norm at the rate

O(t_g(l_%)), as t — 00, for p € [min{d, 2}, oo]. Recently, Beauchard and Zuazua [1] established
the equivalence of the Shizuta-Kawashima condition and the Kalman rank condition from
control theory. Then, extensions to larger critical spaces were obtained in non-homogeneous
settings in s [49,50] and in some hybrid homogeneous settings in [7-9].

Regarding the relaxation limit as € — 0 in systems of the type (1.17), the first justification
is due to Marcati, Milani and Secchi [31] in a one-dimensional setting. The limiting procedure
was carried out by using the theory of compensated compactness. Then, Liu [28] proved, using
the approach based on the theory of nonlinear waves, the relaxation to parabolic equations
for genuinely nonlinear hyperbolic systems. Marcati and Milani [30] considered the diffusive
scaling for the one-dimensional compressible Euler flow (1.1) and derived Darcy’s law in the
limit e — 0, which is analogous to the one derived in [31]. Later, Marcati and Rubino [32]
developed a complete hyperbolic to parabolic relaxation theory for 2 x 2 genuinely nonlinear
hyperbolic balance laws. Junca and Rascle [20] established the relaxation convergence from the
isothermal equation (1.1) to the heat equation for arbitrarily large initial data in BV (R) that
are bounded away from vacuum.

As for (1.17) in several dimensions, Coulombel, Goudon and Lin [6,26] employed the clas-
sical energy approach and constructed uniform-in-¢ smooth solutions to the isentropic Eu-
ler equations (1.1) and then they justified the weak relaxation limit in the Sobolev spaces
H*(RY) (s > 1+d/2, s € Z). Xu and Wang [52] improved their works to the setting of critical

Besov space BQ% Irl. More precisely, it is shown that the density converges towards the solution
of the porous medium equation, as ¢ — 0. Peng and Wasiolek [37] proposed structural stability
conditions and constructed an approximate solution using a formal asymptotic expansion with
initial layer corrections. It allowed to establish the uniform local existence with respect to e
and the convergence of (1.17) to parabolic-type equations as € — 0. Subsequently, under the
Shizuta—Kawashima stability condition, they [38] established the uniform global existence and
the global-in-time weak convergence from (1.17) to second-order nonlinear parabolic systems
by using Aubin-Lions compactness arguments. In the spirit of the stream function approach
of [20], Li, Peng and Zhao [24] obtained explicit convergence rates for this relaxation process
for d = 1. Recently, the first author and Danchin [9] justified the strong relaxation limit of
diffusively rescaled solutions of (1.17) globally in time in homogeneous critical Besov spaces
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with the explicit convergence rate. Finally, we also mention the work of Peng on this limit for
large smooth solutions of the isothermal Euler equations in Sobolev spaces [35].

1.4. Literature on the Euler-Maxwell system. So far there are several results concerning
the global existence, large-time behaviour and asymptotic limit for the isentropic Euler-Maxwell
system (1.9). Chen, Jerome and Wang [4] constructed global weak solutions to the initial
boundary value problem for arbitrarily large initial data in 1D. In the multidimensional case,
the question of global weak solutions is quite open and mainly smooth solutions have been
studied. Jerome [19] established the local well-posedness of smooth solutions to the Cauchy
problem (1.9)-(1.10) in the framework of Sobolev spaces H*(R?) with s > 2 according to
the standard theory for symmetrizable hyperbolic systems. The existence of global smooth
solutions near constant equilibrium states has been obtained independently by Peng, Wang &
Gu [36] and Duan [13] in Sobolev spaces and by Xu [48] in the inhomogeneous critical Besov
space. Ueda, Wang and Kawashima [41] pointed out that the system (1.9) was of regularity-loss
type and time-decay estimates were derived in [13,43]. Later, Ueda, Duan and Kawashima [42]
formulated a new structural condition to analyze the weak dissipative mechanism for general
hyperbolic systems with non-symmetric relaxation (including the Euler-Maxwell system (1.9)).
Xu, Mori and Kawashima [51] developed a general time-decay inequality with the minimal
regularity assumption of initial data. Concerning the stability of steady-states, we refer to
those works [27,33,34]. In the absence of a damping term in (1.9), there are many important
works on global or large-time existence using dispersive properties; see [12,14,15,18].
Concerning the relaxation from (1.9) to (1.15), Hajjej and Peng [16] carried out an asymptotic
expansion and obtained convergence rates for the relaxation procedure in the case of local-in-
time solutions for both well-prepared data and ill-prepared data. Wasiolek [46] obtained the
uniform estimates of global solutions with small perturbations in the Sobolev spaces H?*({2)
with s > 3 and 2 = R? or T?, and then proved the global weak convergence of the relaxation
process from (1.9) to (1.15) via the compactness argument. Recently, Li, Peng and Zhao [25]
studied the relaxation limit for global smooth solutions in T? and obtained error estimates of
smooth periodic solutions between (1.9) and (1.15) by stream function techniques and Poincaré’s
inequality. Very recently, by developing a new characterization of the dissipation structure and
using Fourier analysis tools, the authors of [10] provided a rigorous justification of the global-
in-time strong convergence of the relaxation process in R? with an explicit convergence rate.

1.5. Aims of the paper. The relaxation limit problems for both the compressible Euler sys-
tem (1.4) and the compressible Euler-Maxwell system (1.12) in the whole space have been
studied in numerous references. The strong relaxation limit was justified on the real line R
in [20,24] based on stream function techniques. In [9,10], relaxation limits in higher dimensions
were established in a strong sense in critical Besov spaces, using a frequency partition of the
solution and the Littlewood-Paley theory. A natural question arises: Can the global conver-
gence rates of the high-dimensional relaxation problems be obtained in the classical Sobolev
energy framework?

In the present paper, we aim to avoid using a frequency-dependent methodology to broaden
the applicability of our approach. Specifically, we expect our method to be suitable for cases
where the physical domain is a half-space or a bounded domain, and for establishing such limits
at the discrete level. In a Sobolev framework, we establish error estimates for ill-prepared
initial data. In particular, we are able to prove the convergence in the natural energy space
L*(R*; L?), which cannot be directly recovered by the results in [9,10]. Our proofs rely on
a high-dimensional version of the stream function techniques and an asymptotic expansion
method.
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2. MAIN RESULTS

2.1. The Euler system. We first investigate the relaxation problem for the damped Euler
equations (1.4). We define the initial energy

(2.1) 5 = 116§ = Uz + 2 lugl7m-
We also introduce the variables for the momentum
¢ =p, =t g = P
We recall the classical uniform global existence result for (1.4)-(1.5) from [6,26], which leads
to the existence of a global-in-time solution.

Proposition 2.1. ([6,26]) Let d > 1, m > [4] + 2 and (1.3) hold. There is a positive constant
J, independent of €, such that, if £ < 9, then the Cauchy problem (1.4)-(1.5) admits a unique
global smooth solution (p°,u®) with ¢° = p*u® which satisfies (p* — 1,¢°) € C(RT; H™) and the
uniform estimate

2

2

(2.2) sup (J|p°(t) = Llpm + €[l (O) [ + *lla"(1)]
teR+
e 2 2 2
+/0 Vo OllFrmr + @l + " (@)1 ) dt < C1E5,
where Cy > 0 is a generic constant.
Moreover, for any given T >0, as € — 0, up to subsequences,

{pe — p* strongly in C([0,T), H™),

loc

2.3
(2:3) ¢- — q° weakly in L*(RT,H™),

where (p*,u*) with u* = q*/p* being the unique solution of (1.6)-(1.8), and p§ denotes the weak
limit of (p§)e=o tn H™.

For the filtration equation (1.7), one has the following existence result.

Proposition 2.2. Let d > 1, m > [4] + 2 and (1.3) hold. There is a positive constant §* such
that, if ||p — 1||3m < 6%, then the Cauchy problem (1.7)-(1.8) admits a unique global classical
solution p* which satisfies

+oo
(2.4) sup [|p"(t) = 1[3m +/ IV " (0)[7m dt < Collpg — 17,
0

teR+
where Cy > 0 is a generic constant.
Furthermore, let u* be given by Darcy’s law (1.6), and set ¢* = p*u*. It holds that

+o0o
25) sp (s + [ 7Ol < Call — 11
teR* 0

Our first main result concerns the global-in-time strong convergence of the Euler equations
to the filtration equation and Darcy’s law for ill-prepared data.

Theorem 2.1. Letd > 1, m > [4]+ 2 and (1.3) hold. Let (p°,¢%) and (p*,q*) be the solutions
obtained in Propositions 2.1 and 2.2 subject to the initial data (p,q5) and p§, respectively.
There exists a constant C > 0 independent of € such that

+oo
(26)  sup [|[(p" = ")) l[Fms + /0 IV (o = p") ) [m-1 dt < C(ll§ = pillErm-1 + %),

teR+
and

—+o00
(2.7) / 1@ = 0" — @) [Zms dt < Cl6f — p5)2ger +€2),
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where q5 s an initial time-layer correction given by

(2.8) g =€ 25
If in addition py — p§ € H™', then the convergence also holds in the following sense:
(2.9 |1 = )OIt < Ul = il + <)

0

Remark 2.1. Our result holds for ill-prepared data. We say that an initial data is well-prepared
if the compatibility condition (p*u® + Vp(p©))|i=o = ¢§ + Vp(p§) — 0 in H™* as ¢ — 0 holds
and ill-prepared if this condition does not hold. In Theorem 2.1, ¢5 fulfills ||¢5||gm = O(e71),
which is required in the existence result: Proposition 2.1.

Remark 2.2. The error estimate (2.7) in fact leads to the global strong convergence of (¢°)e>0
to q*. Using (2.7) and the fact that ||q7|| e, .mmy < Celel|ggllam) < Ce, it holds, as e — 0,
that

¢ — ¢ strongly in L*(RT, H™ Y 4+ LY(R; H™),
where X +Y denotes the sum space of X and Y .

Remark 2.3. The L?*(Ry; L*(RY)) error estimate (2.9) is a higher-dimensional version of the
estimate that can be found in [20]. If p§ = p§, no H™'-type assumptions are required, and we
obtain the Ce-bound of the error p* — p* in L*(RT; H™).

Our next aim is to provide a more precise description of the relaxation approximation in terms
of one-order asymptotic expansion. More precisely, we show faster convergence rates between
the solution of (1.12) and its first-order approximation. Defining the asymptotic expansion

(2.10) p.i=p"+ep, ¢ :=q +eq,

the pair (p%,¢:) will be used to approximate the solution (p°, ¢%) of (1.4) in a suitable sense.
Observe that

(2.11) p(pg) = p(p* +epr) = plp*) +ep'(p")p1 + O(%).
Substituting (2.10) and (2.11) into (1.4) and identifying the coefficients in terms of the power

of O(g), we can obtain (p1,q1) by solving the following linear equations
(2.12) ot Ao =0
' @ ==V (p)p),

subject to the initial datum

(2.13) p1li=o = p10-
From (2.12), one sees that p; solves the linear filtration equation
(2.14) ohpr — AP (p")p1) = 0.

Our next result proves the strong convergence between p° and its asymptotic expansion p, for
well-prepared data and with faster rates.

Theorem 2.2. Let d > 1, m > [4] + 2, (1.3) and the assumptions in Propositions 2.1 and 2.2

hold. Let (p%,q%) and (p*,q*) be the solutions obtained in Propositions 2.1 and 2.2 subject to the

initial data (pf), q5) and pj, respectively. In addition, assume p1o € H™, ¢§ = lir% a5 = —Vp(ps)
e—

and

(2.15) 165 — 0y — eprollam—2 <€ and g5 — gillum < e.



8 T. CRIN-BARAT, Y.-J. PENG, AND L.-Y. SHOU

There exists a constant C' independent of € such that

+o0
(2.16) sup [[(p° = p" = p1) () [ m-—2 + / V(6™ = p" = ep) () gm-2 dt < CE*,
0

teRT

and

( +oo
|l = )0l de < 22
0

(2.17) sup [|(¢° — ¢ — £q1) (1) [[3m—2 < C€7,
teR+

400
/ 1 = " — o) (O s dt < C=*
\ Jo

2.2. Strategy of proof for the Euler system. We now provide some comments on the proofs
of Theorems 2.1 and 2.2. To justify the strong convergence in the energy space L?(RT; L?),
we adapt the stream function technique—originally developed in one-dimensional settings (see
[20,24])—to the multi-dimensional framework. More precisely, we introduce the stream function

associated with the equation of p* — p*:

Ne(tx) = — / (¢ — )t ) dt + A2V (o — p5) (2),

which satisfies
ON® = —(¢° — q"), div N® = /°.

The key idea is to take the L? inner product of the equation satisfied by N¢. Under the
additional assumption that p§ — pt € H~', this yields an L?(R*; L?) estimate for p° — p* (see
Lemma 4.2).

We further derive higher-order error estimates without having to rely on a H~! assumption
on the initial data. To this end, we perform hyperbolic energy estimates on the error variable
(0°,¢°) = (p° — pq® — ¢* — ¢5), which satisfies

{&ﬁs +div§E = —div ¢,

(218) 29 e (5 * ~c 2 * €
0 + V(p(p°) —p(p*)) + ¢ = —€°0,q" + R7,

with R® = e2div (¢° ® ¢°/p°). The initial layer correction ¢ ensures that ¢°|.=o = —Vp(p}),
thus avoiding the singularity at time t = 0. To control the right-hand side of (2.18), we shall
make full use of the following bounds:

1 div g7l piey mm-1y = Oe), 210" |12y smm—2) = O(), IRz mm-1) = O(e).

A key challenge arises due to the limited spatial regularity of 0,¢*. To overcome this, since the
second term above is bounded by O(e?), we perform estimates in H™ ! and use the bounds
on ¢° and ¢* from the existence results. These considerations lead to an L>®(R+; H™ 1)-O(e)-
bound for ¢ and an L= (R+; H™ 1) N L*(R+; H™1)-O(e)-bound for ¢°. Moreover, exploiting
the dissipative structure induced by the pressure term, we also obtain the higher-order control
of Vp© in L*(R+; H™!) (see Lemmas 4.3 and 4.4).

Concerning the faster convergence rate O(e?) for the error terms (55, G5) := (p° — pS, ¢¢ — ¢°),
we notice that thanks to the well-prepared assumption (2.15), the right-hand side terms of
(2.18) are indeed of order O(g?). Then our strategy is to reformulate the system as a parabolic
equation with O(e?) source terms and perform refined energy estimates on p¢. By reverting
to the damped formulation for ¢, we obtain the desired convergence rate of ¢° toward ¢ (cf.
Lemmas 5.1-5.5).



RELAXATION LIMIT OF THE COMPRESSIBLE EULER AND EULER-MAXWELL SYSTEMS 9

2.3. The Euler-Maxwell system. We now present our results for the Euler-Maxwell system
(1.12). Let the initial energy A; be defined by

(2.19) X5 = |l — Ugm + 2 l[ug 7 + 11 B5ll7m + 1 B§ — BE|3m.
We define ¢* := A™%(p* — 1) and E* := A~2Vp*. We introduce the momentum variables:
¢ =put, ¢ = ptut, g = Pl

We recall the uniform global existence result for the scaled Euler-Maxwell system (1.12) (see
[46]), which leads to the global weak convergence toward the drift-diffusion system (1.14).

Proposition 2.3 ([46]). Let d = 3, m > 3, and (1.3) hold. There exists a constant 6; > 0
independent of € such that, if

(2.20) X5 <y,
the Cauchy problem (1.12)-(1.13) admits a unique global smooth solution (p°,u, E*, B®) which
satisfies (p° — 1,¢%, B¢, B* — B¢) € C(R+; H™) and the uniform estimate

sup (Ip6) ~ 1l + Dl + 2 (O )

€

+ sup ([[E5@O)7m + 1B°(t) — B°[[7m)

teRT

+oo
+/0 (o™ @) rm + [l @l zm + g ()17 dt
+oo
(2.21) - / (1B @) + IV B (Bl 2) dt < CG,

where C' > 0 is a generic constant independent of € and the time. Moreover, for any finite time
T >0, as € — 0, we have, up to subsequences,

p° — p* strongly in C([0,T], H™ ),

loc
¢ — ¢* weakly in L*(R*, H™),
E. — E* strongly in C([0,T], H" ),

loc

B. — B strongly in C([0,T); H™ ™),

loc

(2.22)

where (p*,u*, E*, B) with u* = q*/p* is the unique solution of (1.14)-(1.16) with the initial data
py being the weak limit of (p§)e>o in H™(R).

We have the following result for the limit system (1.14)-(1.16).

Proposition 2.4. Let m > 3 and (1.3) hold. There is a positive constant 6] such that if
s —11|%m < &3, then the Cauchy problem (1.15)-(1.16) admits a unique global classical solution
(p*, ¢*). Define E* =V ¢* and q* = —=Vp(p*) — p*E*. Then, (p*,q*, E*) satisfies

tS%g(Hﬂ*(t) = Uk + IVG" ) + IVE" (@)l 1)
€

+oo
(2.23) +/0 (Ve Ol + IV Ol zms + IVE O 5 ) dt < Cllp = lzm,

where C' > 0 1s a generic constant.

Our result about the global strong convergence of the relaxation limit from (1.12) to (1.14)
is stated as follows.
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Theorem 2.3. Let the assumptions in Propositions 2.3 and 2./ hold, and let (p°, q%, B¢, B) and
(p*,q*, E*) be the solutions obtained in these two statements, respectively. Suppose additionally
that pi —1 € H™'. Then, it holds that

sup (116" = 0") s + 1B = B0 s +1B(0) = B o)
S

“+o0o
[ (16 = IO+ NE* = EYO s + [T B Olfs)
(2.24) < C(Ip6 = o1 + 155 = Ealfm-s + 1135 = Bllm-1 + &%),

and

—+o0
/0 1@ = ¢ — ) Pgus dt
(2.25) < C(l05 = pillzim—r + 1 E§ = Egllfm— + 1By = B[ Fm + €2,

where C' is a constant independent of €, E = VA™p}, and ¢5 is an initial layer correction
given by

(2.26) g (t,x) = gi(x)e 2.

Remark 2.4. The condition pj — 1 € H™' ensures the L2-reqularity of E* and ¢*, which is
needed to establish error estimates in L. As observed in [25] for the periodic case, the electric
field error E5 — E* can be viewed as a stream-type function for the FEuler-Maxwell system,
leading to the L*(R*; L?)-error estimate of p° — p*.

Remark 2.5. The initial data considered in Theorem 2.3 are ill-prepared as the compatibility
condition (¢° + Vp(p°) + p°E%) im0 = g5 + Vp(p) + piE§ — 0 in H™' as e — 0 may not hold.

2.4. Strategy of proof for the Euler-Maxwell system. The proof of Theorem 2.3 builds
upon strategies developed for the compressible Euler equations. When analyzing the error
(75,6, E°, B°) = (p°—p*, ¢ —q*, E°— E*, B°— B°), the main difficulty arises from the presence of
the zero-order source term 8, E, in the equation for E° (see (6.1)). To address this, we consider
the following first-order asymptotic expansion:

(pz:qz7E27Bz) = (p*uq*uE*7B) +6(,017QI7E17B1)-

We observe that the system for (55, ¢, E2, BS) = (p° — pS, ¢ —q*, E° — E*, B° — B) shares a sim-
ilar dissipative structure to that of the linearized Euler—-Maxwell system, modulo source terms
that are uniformly bounded by O(g). This enables us to show O(e)-bounds for (52, ¢, B2, BY).
Then, since the profile (p1,q1, 1, By) is globally defined, one can recover the desired O(e)-

bounds for the original error unknown (5°, G, B¢, B°) by combining refined error estimates
with the asymptotic expansion.

3. PRELIMINARY AND TOOLBOX

Throughout this paper, C' > 0 denotes a harmless constant independent of ¢ and . The
notation F(f) and F~!(f) stand for the Fourier transform and the inverse transform of the
function f and we write

A7 = (—A)F = Fl(ygrff(-)), s €R.
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In the case ¢ = 2, we have —A = A% Let s € R%. We denote by H* the Sobolev space of
exponent s with the standard norm

1
Il = ([ 0+ lePrIFOR i) < .
In particular, when s is a positive integer, we have

1f s~ > 0% FI1Z.

0<]al<s

Furthermore, we denote by H $(R%) the homogeneous Sobolev space endowed with the norm

o= ([ JePIFOR )" ~ 147l

The following Sobolev and Moser-type inequalities can be found in [21,29]. They will be
repeatedly used in the proof.

1.f]

Lemma 3.1 ( [21,29]). The following estimates hold.
o Let s> g. The embedding from H* to L= N C° is continuous and for u € H®,

(3.1) [ull e < Cllul s
o Let —%l <s<0andq= dz—‘és. The embedding from L9 to H® is continuous and for
ue L9
(3.2) [ullas < Cllul|ze.

o Let s1,89 € R. The operator A*' is an isomorphism from H** to H*>~*'.
o Foru e H™ ' and v € H® with s > 0,

(3.3) ||uv]

irs < Cllullz<|[v|

s+ Cllul

HS UHLOO.

Consequently, the Sobolev space H® with s > g 1s an algebra and we have

(3.4) [wvllzs < Cllullms[v]la-

e Foru € H* andv € H® with 51 > %l and —g < 89 < %l, we have uwv € H® and
(3.5) [uvll e < Cllul[go: |[v]

e Let g be a smooth function on a compact set D C R"™ and let k > 1 be an integer. For
u € H* N L* satisfying u(x) € D,

(3.6) > 10%g(w)llzz < Cligllow o llull g llul -

|laf=k

Hs-

Hs1

We recall the Gagliardo-Nirenberg inequality.

Lemma 3.2. Assume that q,r satisfy 1 < q,r < oo and j,m € Z* satisfy 0 < j < m. For any
f € C(RY), we have

(3.7) 1D flle < CID™ FIN Il

where
1 g 1 m 1 J
Sl _ar DY (1-a)s, L<ax<1
p d a(r d)+( a)q’ m= =

and C depends on m,d, j,q,r, .
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4. THE EULER SYSTEM (I): PROOF OF THEOREM 2.1

4.1. The error equations.

In what follows, we will always denote by (p°, ¢°) and (p*, ¢*) the solutions to the Euler
equations and the filtration equation obtained in Propositions 2.1 and 2.2, respectively.
We introduce the error unknowns

(4.1) =0 =0 =4 g
where the initial layer correction ¢5 given by (2.8) allows us to avoid the time-singularity of ¢°
at t = 0. Note that g7 satisfies
1

(4.2) S0 +4r =0, dil=o =65 = Zp5u-
With these notations, the error system reads

O p® + div ¢° = Ri,
(4.3) 0, +p (VP + ¢ = Rj +R5 + Rs,

(ﬁ67 fje)|t=0 = (PE - PS» VP(P%))v

where
/ (e) — _(p/(pe) _p/(p*))vp* o (p/(los) —p/(l))Vﬁa,
i = —div qiv
(4.4) 9 (TOF
R = —div ( pg ).
\Rg = —823tq*.

The term R§ will be controlled using the bounds for the error p* and the smallness of p* — 1
and p* — 1. Concerning the remainder terms RS (i = 1,2, 3), we will use the following lemma.

Lemma 4.1. Let R; (i = 1,2,3) be given by (4.4). We have

(4.5) / RS (0)| s dt < C, / IRE (1)l s dt < C,
(4.6) / IRS(0) s dt < C2,

0
(4.7) / RS ()] 3pm—2 dt < Ce*,

0

where C' > 0 is a constant independent of €.

Proof. For the term R, using the product law (3.4), we have
g 1 g 1 £ g C (3 g
lgollzr < Zlluallam + l(po = Dugllzrn < —(1 4 llog = Ul )llugllz.

Together with the definition R{ = —divg; = —e" 2 div ¢; and the assumptions of pg, ug and
Py, this implies that

/ IR (1) 3 di < C / e % dt || div g5 |s < C2 il < C.
0

0
Similarly, we have

[o¢] o0
_t
| RS @l de = [ d giln < €l < Ce
0 0

Thus, (4.5) follows.
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Concerning R§, it holds by (2.2), (3.4) and (3.6) that
| RSO
Cet /OO (1|01 )ha @)l ar
0 p* H™

< (14 sup [7(0) ~ Uim) sup IO [ 160 de < 22
teRt+ teR+ 0

IN

Finally, for R§, observing that
oq" =V (p")0p") = =V (p*) divg),

we have
18 [ 10 @ de < (14 519 150~ 1) [ IOl e < C.
0 teR+ 0
where we used (2.4) and (3.4). This completes the proof of Lemma 4.1. O

4.2. Error estimates in L?(R,;L?). We are now in a position to establish estimates for
(0°,G°) = (p° — p*, ¢ — q¢* — ¢5). First, we obtain a rate of convergence for 5° in L*(R™; L?).

Lemma 4.2. Assuming pf, — pf; € H™*, we have

(4.9 | 1Ol <l = il + C2
Proof. We define the stream function

t
(4.10) Ne(ta) == [ (o =) (¢.0)de -+ Ni ),
with N§(x) := A2V (p§ — p§)(z) such that
(4.11) ON°® = —(¢° — q"), div N¢ = p°.

Note that (4.3) can be rewritten as
atﬁE + le(qE — q*) = 07
¢ —q = -V(p(p°) — p(p*)) — 20,4 — Rs.

Now we establish the desired estimate (4.9) using (4.11) and (4.12). Taking the inner product
of (4.12), by N°¢ and using (4.11) and (4.12),, we have

(4.12)

d .
SINCE: = —2(¢" — 4", V)
(4.13) = 2V (p(p") — p(p")), N°) + 222(0h", N¥) + 2(R5, N°).

In what follows, we estimate each term on the right-hand side of the above equality. First,
since the pressure satisfies (1.3) and p° is close to 1 uniformly, there exists a uniform constant
p1 > 0 such that

(4.14) 2(V (p(p°) = p(p")), N%) = =2(p(p") = p(p"), 1" = p*) < =2p1[l" || -
Next, according to (4.11), it holds that

d
2e2(0iq°, N°) = 252%<q5,N5>—252<q5,8tN5>

d *
= 252%<q€,N5> + 252<(f,qE —q").
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As ¢* = —Vp(p*), the second term on the right-hand side of the above equality can be analyzed
by

2¢%(¢%,¢" — ") < O (4"l 72 + IV "IIZ2).-

Consequently, we have
d
(4.15) 2e%(0hg", N7) < 2% (", N7) + C* (|7 172 + [ VP7IIZ2)-

Moreover, from (2.2) and (4.4), it is clear that
2(R3, N7) < 2| R 2| Nl 2
< Cl [ 7m I V¥ 2
(4.16) < CY g lzm + Clla® 7m | VFIZ-.
Since ¢ € (0, 1], combining (4.13)-(4.16) together with (2.2), we obtain

d € € € ~c
T (INFIZ2 = 22%(g", N¥) ) + 211 22

< C(lg[Fm + 1V [Fm) + Clla [ N2,

(4.17)

which implies that, for all t > 0,
t
NI+ 200 [ (2 e
0

< [INGlZ2 +2¢%(g%, N°)

t t
02 [l @) e+ 19Ol

t

(1.18) +c/uﬂw%wwww;wﬁ
0

Here, one has

1
2%(¢7, N°)| < SINCIIZ2 + C*llalIze + ClING 172 + Ce*lgg -

t
0

Therefore, applying Gronwall’s lemma to (4.18), (2.2) and the fact that £2||¢f||3. < C' leads to

sup [|N*(#)]Z» +/ 17° )72 dt < CINGIIZz + Ce*.
teR* 0

Since A=V maps H~! to L? we have |[N§|2 < Cllp5 — pill ;1. Therefore, we arrive at
(4.9). O
4.3. Error estimates in L>®(R*; L?) N L*(R*; H'). Without assuming that the initial error

is in H~!, we have the following lemma.

Lemma 4.3. It holds

sup (/1570|172 + 13 (B)IIZ:) + /Ooo (IVF@IIZ2 + lla ()1Z2) dt

teRT

(4.19) < Cllps — psli72 + Ce?,

where C' > 0 is a constant independent of €.
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Proof. Taking the L? inner product of (4.3), and (4.3), with p(1)5° and ¢, respectively, we
arrive at

d - . -

S (OIFIE + 21815 ) + 20813

= ()RS, 7) + 2(RG + R5 + RS, )

< 29/ (U)|1RS 121712 + CORS I + IRSIZ + RS 152 + 161532,

(4.20)

where (-,-) stands for the inner product of L2(R%). To bound R§, we use the fact that
Ro =m(p%, p")p"Vp* +m(p%, 1)(p° — 1)V

where

P (s1) — p'(s2) = w(s1, 82) (51 — 82), 7(s1,81) = /0 p"(0s1 4+ (1 — 60)sq)db.

Due to (2.2) and (2.4), the densities p° and p* have uniform upper bounds, so m(p°, p*) and
7(p%,1) are also bounded from above. In the case d > 3, the Cauchy-Schwarz inequality,

together with Sobolev’s embeddings H'! < L2 and H™ ' < L2 L™ < LN L, leads to

IRz < M7 (0%, PN L 71 2, 1V 770 + 170", Dz 17 = LIz 1V A7 22
< Cllp® = Uzm V1L
< C(0+ )V

In the case d = 2, we take advantage of the Gagliardo-Nirenberg-Sobolev inequality in Lemma
3.2 and (2.4) to derive

1RSI < llw (o, PN Lo A LNV 20 + I (0%, DllZee Nl 07 = UL IV 7122
< ClIp N2Vl lIV |2l V2" | 22 + Cllp™ = Llzm 1 IV A7 22
< CO+ VL + ClIV o I L2 1177172

Finally, the case d = 1 can be addressed similarly:

IRGIZ: < Nl (o, PN llA N 2o 1V " L2 + Il (o7, D[ Zoe 67 = 1L V7122
< ClA N2V IV (I + Cllp® = LlEm IV A7 22
< C(0+ )V + ClIVelIZallAl Z-

Consequently, for all d > 1, we have

/||7z€ 2 d' < C(5 + 6%) / V5 () |2 i

(4.21) +C s 740 up/nw) )12 dt’
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Noting that €2[|g°(0)||7. = €*|l¢*(0)]|7. = €*[|Vp(p*)(0)||z2 < Ce?, and integrating (4.20) over
[0,#'] with any 0 < ¢ <t < oo, using (4.21) and then taking the supremum over [0, ¢], we have

sup (15 ()2 + 217 () 12:) / 1 )| de
t'€[0,t]

t
SC||,08—pélliz+C62+C(5+5*)/ IV ()1Z2 dt’ + C sup |57 ’)Iliz/ IV " ()72 dt!
0 0

t'e(0,t]

t t
+C sup ||ﬁ€(t,)||L2/0 RS ()] 2 dt’+0/ (IRS(E)Z2 + IR5(t)1Z2) dt
0

t'e(0,t]

* 1 ~g ! ~g
< Cllgs = pill3a + Ce* + (5 + C4.) sup [17(¢) + C(6 +5.) / IV ()13 dt.
t'€l0,t 0

where we have used (4.5)-(4.7) and the fact that

¢ 2
¢ s 7)1 [ i@ ar < 5 s 17O+ O [ IRS@ )

Since §, can be small enough, we end up with

sup (175812 + & ()12) / 1 () 122 dt
t'€(0,t]
(1.22) < Cllgf - pill2 + C2 + C(5 4 6.) / V5 () 2 .
0

In order to address the last term in (4.22), we shall establish the L?(0,¢; L?) estimate of V5°.
Taking the inner product of (4.3), with V° leads to

PIVFEIL =0, Vi7) — (T, ViF) + (R§ + R; + R, Vi)
~€ ~c 1 ~c €
<X, Vi) + S DIV + CllE 1
(4.23) + CUIRGZ + 1IR3 + 1R3172).

Here, using (4.3), yields

~€ ~c d € ~c s RE s ~E TDE
20§, Vi) =¢ %<q V5 4 &2 div @[3 + £2(div §°, RS)

(4.24) < E2— (G, VF) + C2|| div |22 + C2||R5 |22

A

Substituting (4.24) into (4.23) and integrating the resulting inequality over [0, ¢], we have

/ V7 ()] e

2T, VF) /H it -+ 02 [ e @)1 o

t
(4.25) e / (1RSI + IR 22 + IR5 ()2 + 2R (1)2) dt.
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To analyze the first term on the right-hand side of (4.25), we note that, due to (2.2), (2.4), and
G°le=0 = =Vp(p5),
t
40, ViR < lNal: + C (07 = Ul + llp” — 1)

+ V(o) 2 (IV o5l 2 + Vgl 2)
< &|§|3. + Ce*.

Moreover, one has

t
| v @) ar
0

t
(4.26) < C/ (I1div " (¢)[|72 + || div ¢*(#) |72 + || div g7 (') [172) dt’ < C.
In view of (4.5)-(4.7), (4.21), (4.25) and (4.26), it holds that
(4.27) / IV (0 i < €2 sup 17(1)] + 0/ 1) 12 dt’ + Ce

Plugging (4.27) into (4.22) gives rise to

sup (1701 + I WO1) + [ @I
t'€[0,t]
< Cllps — pillz= + Ce
FO0+8) (2 sup ()12 +/ () bt +<2).
t'e(0,t]
Since 6 and d, are suitably small, we derive
sup (1575 + T IE) + [ 1@ a7 < Clas = s + O
t'€[0,t]
which, together with (4.27), yields (4.19) and finishes the proof of Lemma 4.3. O

4.4. Higher-order error estimates. We have the following lemma.

Lemma 4.4. It holds
sup (V5 (t)|5m—2 + € IVG ()] Frm—2)
teRt

[T U9 Ol + 19T O s)
(4.28) < IV = po)llFim-2 + Ce?,
where C' > 0 is a constant independent of e.

Proof. We perform similar energy estimates as in Lemma 4.3. Compared with the computa-
tions in Lemma 4.3, we need to treat RS (i = 0,1,2,3) in a more careful manner. Let o € N¢
with 1 < |a| < m — 1. Applying 0 to (4.3), we have

{@60‘;36 + div 0“¢° = 0“R],

4.29
(4.29) 0,0°F + P (1)VO5* + 0°GF = 0°RS + 0°RS + 9°RE,
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This implies the energy equality

d o~ - -
(P17 I3 + 10 F 2 ) + 201032
(4.30) + 2(0°R3, 0°0°) + 2(9°R§ + R3 + 0“R5, 0°C).

We now handle the terms on the right-hand side of (4.30). First, the term involving R is
analyzed by

10° R332 < [0 (0 (%) = ¥ (")) Vo) |
It follows from (2.4) and (3.4) that
o (' (0") = ' (1)) Vi) .
< Cll'(p") = P D1 10°V5F L2 + CllO*p (") 1722 IV 57|
< Cllp" = Uzl V57 [
< CO|IVFIL + COlIV P g

+110°((0 (p") — P (W)VF) ||

Similarly, we have
[0°((0'(0°) = P (P))VP) 72 < CllAF N2 107V 172 + CllO° 5122 Vo 1 7o -

In the case d > 3, according to the Gagliardo-Nirenberg inequality (Lemma 3.2), for any
feH™ " and 0 € (0,1) such that 0 =60(% — 1) + (1 — 0)(2 — m + 1), we discover

1fllze < ClUFNG -2 < CNV fllrm-2,

from which we infer
0" (' (o) = P (0 V") |

In the case d = 1,2, we also have

< OV [5m-1 [V 5y

1—4d

[fllzee < CIIfHLQ“HfHHQ,

so using (2.4), we have
e} / (> /[ x * 2
[0° (' (r*) =1 (p")) V")
< ClF 52 IV £ IV 0° 7132 + ClO“ 32 9

< IV (17172 + IVPHIL) + ClUV " [ 10757122
< CIVP - |12 + CONIVFIL + COIVE P [y

Hence, combining the above two cases d > 3 and d = 1,2 and using the error estimate (4.19),
we arrive at

[ Rl ar < ¢ s 1701 / V6" () By

t'el0,t

e / V5 (#) |12 dt’ + C6. / V25 () |2ms

(4.31) < ¢4 o, / V25 () 2ys
0
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Note that the integration associated with 0“R; (i = 1,2) can be handled similarly as in Lemma
4.3:

t ~ / 1 ! Qa ~e (4! / ' QTIE (4 !
2/ (0°RS5, 0°F) dt! < Z_l/ |0%G (t)H%z dt -l—C/ |0 RQ@)H%? dt
0 0 0
1 [t
(4.32) < Z/ l0°G ()72 dt’ + Ce?,
0
and

t t
2 / (0°RE,0°5°) dt! < 2 sup |05 ()] 2 / IRE (&) || s lt’
0 0

t'€0,t]

1 B ! 2
<5 swp [0 (@) + O [ IRSE) o )
t'€0,t] 0
1
(4.33) < = sup ||0%5° (V)32 + C&*.
4 t'€(0,t]
However, the term involving 0°R§ = —e20“0yq* requires a more elaborate analysis. Indeed,

0°R§ may not be bounded in L*(R™; L?) for |a| = m — 1 but obeys a faster rate (see (4.7)).
To address this difficulty, we observe that

~ € * 1
¢ =q—d —e 7 ppup.

Recall the operator A defined in Section 3. By integration by parts, it holds
(0°R3,0°0)
= (AT'0°R5, A0°¢) — = —[0°0" (132 + e~ (AN OORS, MO (pfuf)-

This, together with (2.2), (2.4)-(2.5), (4.7) and the regularities of initial data, leads to

t

(0°R5, 0°F) i’

S—

62 * 12 52 *\ |2
< 16" s + S IV D) s

|
¢ % t 2t/ %
@s) o+ (LIRS de) ([ (O + e o) @) < o2
0 0

Recall that €2(|0*¢°(0)]|2, = €%(|0°¢*(0)]3. < €*||Vp(p*)(0)||gm-1 < Ce*. Integrating (4.30)
over [0, t] and substituting (4.31), (4.32)-(4.34) into the resulting inequality, we have

t
sup (V7 (0 Fos + 2198 ) + [ 1980 o o7

t'€(0,¢]

t
(4.35) < ClIV (g5 = po)lzym—> + Ce* + C0, / 15267 () [ 2 .
0

Let us now turn to capturing the higher-order dissipation of 5° required in (4.35). We rewrite
(4.29), by

(4.36) P (VA + 0°F = 0°RS + 0°RS — 9,0°¢.
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Multiplying (4.36) by V0*p® and using 0,0%p° = —0* div(¢® — ¢*) and integration by parts, we
deduce that, after direct computations,

/ o ~E d o € o ~E : o E o ~E o ~E o ~E
PIVOFe = =" 207, VO 7) — eX{div ¢, 9,0°F7) — (0°°, VO )
+ (R + RS, VOO )
d ~g o q: * o Jio. €
< = (0%, V) + £2([10% div "7z + [10° div [ [72)

1 Q ~E o ~E
+ 5P DIV Il + Cl0° ¢ 12

+C([0°RG 1172 + 10°R5 172
This leads to

1 / ! Q. ~E / / o £ o ~E ¢ ! o ~E / /
) [ IV )l <~ o] +C [ 1o ()] a

t
L ce? / (1) P + 1l () %)

t
(4.37) +C/O (RGN s + IRS(E) s ) it
Due to €||¢°||gm + €||g5||pm < C, the first term on the right-hand side of (4.37) is bounded by

t
(07, VO° i) < el ) IV A 2 + £ (Ellgo ]l azm ) V7 (0) [ 2m—

(4.38) < CIIVF[lim—> + ClIV (65 = po)llzim—> + Ce™.
In addition, from the regularities of (p°, ¢°) and (p*, ¢*) one has
t
(4.39) / (1 @) + 1l (@) 3 ) @t < €
and
t t

(4.40) / IV 5 () I dt” < C/ (I o= (W) + VP () ) A < C.

0 0

Combining (4.5)-(4.6), (4.31), (4.37)-(4.40) and using the smallness of d,, we arrive at
t
(4.41) | I € s < CIVF s + €22
0

Plugging (4.41) into (4.35), using the smallness of d, and returning to (4.41), we get the desired
estimate (4.28) and finish the proof of Lemma 4.4. O

5. THE EULER SYSTEM (II): PROOF OF THEOREM 2.2

5.1. The error equations. In this section, we prove Theorem 2.2 and show a faster conver-
gence rate between (p°, ¢°) and its first-order asymptotic expansion (p%, ¢Z) with

po=p*+epr and ¢ =q +eq,

where the profiles p; and ¢; solve the system (2.12). According to (1.6) and (2.12), (p5, %)
satisfies

Op, +divg, =0,
(5.1)

6o ==V (p(p*) +ep'(p")p1).
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A key ingredient is to establish the error estimates of (2, q5) given by
(5:2) Pa=F =P Q=0 —d

By a direct computation, the equations of (5%, ¢;) read

53 05+ div g = 0,
| & =~V (p(p") - plef)) + RS — i,
where
3 4 : ® : £ * / *
(5.4) Ri=—etdiv (= 25) = V(p(5i) = p0") = <2 (0")0n).

Before analyzing (p°, ¢°), we shall derive regularity estimates for (p1,q1).

5.2. Estimates for (p1,q).

Lemma 5.1. There exists a pair (p1,q1) solving (2.12)-(2.13) with the initial data p;|i—o =
p1o € H™. In addition, there exists a constant C' depending only on pj and p1o such that

sup ([lpy ()17 + g1 (8)[7m-1)
teR+

(5.5) + [ 9Ol + )+ 10 Olfs) e < C.

Proof. Standard theorem ensures that (2.14) with p;|,—o = p10 € H™ admits a unique global
solution p; € C(RT; H™). Direct computations on (2.14) yield that, for all « € R? such that
0 < faf <m,

1d , N
L R LA
< [0V (@' (") = P W)er) || 107V
' 1 / * /
(5:6) < P + 0oV (0(6) — 2 (0)0) L

Using (3.1) and (3.6), we have
> Ve (@) - P W)e) -

0<lal<m
< IVP' ()il + (P (0%) = P/ (D)) Vol
< CIVP ()l llpa e +119°(07) = ' (Dl [V o || 11
< Cllodlan IV o lam + Cllp* = Ul [Vl -
Therefore, integrating (5.6) in time and recalling (2.4), we arrive at

t
sup [oa(®lfge + [ 190108 o
0

t'€[0,¢]

t
< Cllprollfm + sup ||p1<t’)|!?qm/ IV 0" ()7 dt’
t'€(0,t] 0

t
+ sup () = U [ 190y
0

t'€(0,¢]

t
< Cllprall + €0 s 1Ol + [ 1910 ).

t'el0,t
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Consequently, as the constant 6* > 0 given by Proposition 2.2 is suitably small, we obtain the
desired bounds of p;:

5.7 s 10+ [ Va0 dt < Clls B + Cllp" = U
te 0
Next, we establish the estimates of ¢;. It follows from (2.13) and (3.1) that
larlle < CIVpillane + CUV (' (07) = (1))
< IVl + IVP (ol + 1 (07) = ()Yl
< CIVpillare + CIVE lam=rllprll e + CIIV o™ | xll o1
+ " = Ugm—1[[Vorllae + 10" = Uae IV o1l -1,
for k =1,...,m. Hence, owing to (2.4) and (5.7), ¢; satisfies

sup [lqy ()| rm-r < sup (14 [lp"(t) = Ll ) o2 (8) ][ < C,
teR+ teR+

Hm-1

and

/ g (8) 2 dt < (14 sup [°(2) — 1]%0) / 1901 ()| dit
0 teRT 0

+ sup [lpu(8)]%m / IV ()| dt < C.

teR+
Finally, since

Oqr = =V (" (p)0p* + 1 (p")0p1) = V(" (p*) divg*pr + P/ (p*) diven),
it follows that

/ 10:q1 () [ Fpm-—2 dt’ < C / (" (p*) div ¢ pa [ Frm—1 + P (p") div qu ()| G- ) dt’
0 0
o0
< C(1+ sup [|p*(t) = U[Fpm—1) sup [lpa(t)][Frm-s / g™ ()7 dt’
teRt teRt+ 0

01+ sup 070 = W) [ @)l < C
teR+ 0
This completes the proof of Lemma 5.1. O

5.3. Error estimates for ¢° — ¢*. Assuming further that (2.15) holds, we can prove an im-
proved estimate of the error ¢° — ¢*, which will be useful for deriving the faster convergence
rate of the error (52, q5).

Lemma 5.2. Under the conditions of Theorem 2.2, it holds
sup [[(¢° = ¢") (@) [Fm < C,
teR+

(5.38) .

/ (g% = @) (@) ||3mr dt < CE?,

0

for a uniform constant C' > 0.

Proof. Since ||¢§ — ¢i||gm—1 < €, we know that ¢ is uniformly bounded in H™~! with respect
to €. As a consequence,

) 00 .
| W@ ae < [ e B g < 0
0

0
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which, together with (2.7) and ||p§ — p§llam-1 < C(1 4 ||p1ollgm-1)e, gives rise to

o0

/0 1(a" = ) (@)l dt < C/O (Ia" =" = a)) Ol zgmr + a7 (O |Fmr) dt < CE*.

This yields the second estimate in (5.8). Meanwhile, the first estimate can be easily deduced
from (4.19), (4.28) and the definition of ¢j. O

5.4. Estimates of Rj. We have the following lemma.

Lemma 5.3. We have
(5.9) / RA(0) |2z dit < C*,
0

where C' > 0 is a constant independent of €.
Proof. We first handle the term 2 div (qE;L;qE) In view of the regularities of p°, ¢° and ¢* (see

(2.2) and (2.5)), ¢ = ¢° — ¢* + ¢* and the improved estimate (5.8), it follows that

00 € e 2
/ Hdiv (q 24 )(t)H dt
0 p° Hm=2

< O+ sup [|p°(t) = U[7m) sup ([[(¢° = @) ()| Fm—r + ¢ ()] Frm—1) / g ()7 dt < C.
teR+t teR+ 0

To analyze the second term in Rj, we write
p(p2) = p(p") —er(p")pr = €1°(p, p) 1
where .
(57 0) = [ (0 + (1~ 0)si)es.
This implies that ’
V(p(pl) = p(p7) — P (") 1)
= &2(0,- T (p", p1)Vp* + 0, II°(p", 1)V p1) p} + 26T (p*, p1) p1 V1.
Therefore, (3.6) as well as (2.2) and (2.4) guarantee that
|19 60~ o) = /7)) 0y

(5.10) N
<< [T (195 Ol + 19Ol de < C=*
0

The combination of (4.7) and (5.10) leads to (5.9). O

5.5. Improved error estimates.

We are going to establish faster convergence rates of p* — p* —ep; and ¢ — ¢* — eq1 — q7,
under the condition (2.15). In what follows, (p°,¢°) and (p*,¢*) correspond to the solutions
of the Euler equations and the porous media equation obtained in Propositions 2.1 and 2.2,
respectively.

First, we establish L? estimate for p° — p* —ep; and ¢° — ¢* — eq; — ¢¢ with a rate 2.

Lemma 5.4. It holds
(5.11) Sup (rAGIZE FAGLS +/ (Va7 + 17 (2)]172) dt < Ce?,
€ 0

where the error (55, ;) is defined by (5.2), and C > 0 is a constant independent of €.
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Proof. The system (5.3) can be reformulated as the inhomogeneous heat flow:

(5.12) iy — div(p' (p°)V ) = div((p'(p°) — p'(p3)) V) — div RG + %0, div ¢°.
Taking the L? inner product of (5.12) with p° yields
1d

5 g 1Pele + 0 () V5L, VL)
(513) = (") ~ P )V, Vi) — (R, Vi) — 0", V%),

Since p° is in a neighborhood of 1, the condition (1.3) implies that there exists a constant p;
such that

(5.14) W' (0 )V, VL) = pil| V|7

Concerning the first term on the right-hand side of (5.13), we can write

1
(o) = () = 7o, o) (Fpt) im / P (057 + (1 — 6)p%)do.
0

In the case d > 3, the Cauchy-Schwarz inequality together with Sobolev’s embedding and the
uniform upper bounds of p°, p*, and p; leads to

=2'(p") =P (P))Vr*, Vo) < Clim(p™s po)lle=ll Gl 22 IV A7 |l VG| 22
< OVl 2 IV ool m -1 [V 55| 2
(5.15) < CVS||IVA 7.
In the case d = 2, we take advantage of the Gagliardo-Nirenberg-Sobolev inequality to derive
= 2((" () = V() Ve, Vi)
< Cllw(p%, p)lloe 1Aall LIV pallLallV A2l 22
S AR ZA A RZA TR A AN ZA P
(5.16) < éplllvﬁillia +ClIV ol 173117
Finally, the case d = 1 can be similarly addressed by
= 2(('(p°) = P'(02)) Vs, Viy)
< Clim (o™, pa)llzl12all o= [V pall 2 1V 55 2

3 ~E 3 £ ~&
< CllAal 2 IV aall 2l V oall 2 1V A5 2
1 ~& (> ~E
(5.17) < gnlIVAlz: + CIV Az 13 e
Also, one has
~& 1 ~E 15
(5.18) = (R%, VL) < gpllViailz: + CIRA 1z

For the last term on the right-hand side of (5.13), we have to overcome the singularity of 0,¢°.
To this matter, we use the equation of p; and obtain

(0 div ¢, p;) = eX(0, div G, p;) + €20, div(gs + eqr), 55)
d, .. ~c ~¢ ~c ~c ~c
= 52%<d1V 4q) pa> + 62 <Qa7 Vatpa> - 82<at(q* + 8(]1), Vpa>

1 ~c d, .. € ~€
< gpllVAllze — (v &G, 75) + Ce¥0u(g. + eqr)lIz2

(5.19) + V|G + CvT e Vo -
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Combining (5.13) with (5.14)-(5.19) and using ||p°||gm < C yields
|| Wze + (0 = VO VAIZ:
< 22V G, 77) + CIT 0 B 73]

dt
+ ClIRilZ: + Cel0:(g- + a7z + VIGIZ: + Crv e[ VoG -

Recalling that 4 is suitably small and p5(0) = p§ — pf — ep1o = O(g?) in H™ 2, we get
w0 IO+ C [ 1950

< Ct — (div s, 77)|

e / IR (1) 122
0 0

+C s ) e [ IV O W02+ o [ 01
tef0,t) 0
(5.20) w0 [ (10da.+ )@t + v Oz OIE) b
With the uniform bounds (2.2), (2.4), (4.8) and (5.5) at hand, it holds that
(5.21) [ 104+ ) Ol < O
As 0

0Py = O(p® — p* —ep1) = div(—¢° + ¢" + eq1),
one also has

/ IV 05 () s

<ot / (@) B+ 1 )3 + s (1) ) i < O

=

25

Since || g5 || gm-2 < €* and ||GE|i=o||gm-—1 < & + €||q10]| rm—1 one gets from (2.15) and (5.8) that

—ediv g, )

1 *
< 7 s {17507 +€4t81fft] (@ = &) + €[l () 7)
relo,

t'€(0,t]
(522) +e (1 + || div q1,0||L2) S 064.
It thus follows from (2.2), (5.9) and (5.20)-(5.22) that
t t
(5.23) sup |55 (¢)|17> + C/ 155 ()72 dt < C(1+v7h)et + V/ 1G5 ()17 dt.
t'€(0,t] 0 0

We then turn to analyze the error ¢ that satisfies a damped equation
(5.24) 20, + @z = —V(p(p°) — p(p3)) + Ry — (0q" + €0or).
Taking the inner product of (5.24) with ¢ yields
anl\Lz +11galz-
(||V( (0°) = p(pe)) 2 + IRillze + €[ (Deg” + €draqn)ll22) 1, 2
< SN + IV + CIR 12 + C='[(Dug” + )2
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Since ¢|i=o = O(e) in H™ !, this leads to

e s 0N+ [ 161 af

t'€[0,t]

t
<Oty e / IV ()12 df + C / IRt 122 dt
0 0
t
e / 1(8u” + £0han) (¢ 2 dt
<C(+v e —l—y/ G ()72 at,

where (5.9), (5.21) and (5.23) have been used. Choosing v sufficiently small and combining
(5.25) with (5.23), we prove (5.11). O

5.6. Higher-order error estimates. We have the following lemma.

Lemma 5.5. Let d > 2 be such that m > 3. It holds

sup ([|V 55 ()l Fm-s + [V (8)[|7m-s)
teR+
(5.25) - / (V2750 3 + IV G ms) dt < O,

where C' > 0 is a constant independent of €.
Proof. Applying 0* with 1 < o] < m — 2 to (5.12), we have
0,0%p, — p'(1)A0f,
(5.26) — div " (0 (o°) = P (D)5, + (0 (5°) = P (p2) Vi — RS + 220,00 ).

This implies the following energy inequality

H@a allZ: + 2" (10" VA 172
~2( (0 (W (") = P (D)5 + (W () = P (P2 V5 = RS + £20,0°0° ), V5, )
]' / [ ~£ [e% /(€ / ~£
<SPI0V L= + Cl|o (' () = P ())VE) [ 2
(521)  +C[0° (W () = V()Y |2 + 10 RE e + 20107, VO 7).
We now handle the terms on the right-hand side of (5.27). The term ||0* ((p'(p°)—p'(1)) V) H;
is analyzed in the following three cases.
e Case 1: m > [2] 4+ 3 or m is even when m = [4] + 2 for d > 2.

By (2.2) and the Moser-type inequality (3.3), we have

0% (' () — P ()Y |2
(5.28) < I () = P ()2 107V AL 122 + 110°(0 (0°) — P/ (1)) 122107V 55 | e
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In this case, note that m — 2 > g implies the embedding H™ 2 — L*>. Consequently, by (2.2)
and (3.6), for 1 < |a| < m — 1 we obtain

03 /( € / ~c 2
[0°((0'(p°) — P ()VEL) ||
<[Ip'(p°) = D' Dm0V 172 + 110° (0 (0°) — ' (D)1 7211V 5l Frm—2
<C|lp* = U gm || V25| 3pm—2

(5.29) <COIV2 P .
e Case 2: m =[]+ 2 and m is odd for d > 3.
In this case, we have [¢] = ¢ — 1 and m — 2 < £. It follows from (2.2) and the product law
(3.5) that

[0°((0 ") — POIVE) 2 < 195F) — 8/ (V) NPV 2
(5.30) < Col|9°V 5 172
e Case 3: m =3 for d = 2.
Since m — 2 = 1, we know |«| = 1. Thus, it is easy to verify that
[0°((0' (%) = ' ()VA)|
<IIp'(p7) = P 2= IV2ALlI72 + IV (W' (67) — p' ()12 IV AL

2
L2

(5.31) <CO|IV*B 122 + ClIV I VLI
Combining the above three cases, we know
e} (> ~& 2 ~& (3 ~&
(5.32) [0°(@'(0°) =P (W)VE) || 2 < COIVZHN -2 + CIV O 3 [V 55 -2

With respect to the last term 2(9°9;0%¢°, VO“p55), we use a similar argument as in (5.19) to
get

(000,47, 0 div )

1 P d, .. Qe Qa e
(5.33) <P DIV B[22 — 5 (div 9, 0°;)

+ V[0 Gll7: + CvT e |0V AL L + CeM|0:0% (g + equ) 2

Recall that § and J, are suitably small, and 0;(q« + £¢1) and 0,V p° are uniformly bounded in
L2(R*; H™=2) due to (5.21) and (5.22). Then, after a computation similar to (5.4), we integrate
(5.27) in time, make use of (5.9) and (5.21), and then derive

sup [V Olfns + [ V2O OI b < OO+ v v [ VG0 st
te 0 0

Going back to (5.24) and performing similar calculations for (5.25), we also have the desired
estimates of ¢;. Finally, choosing a suitably small v > 0 leads to the expected convergence
rate; the details are omitted. O

6. THE EULER-MAXWELL SYSTEM: PROOF OF THEOREM 2.3

6.1. The error equations.
Let (p°,us, E°, B%) and (p*,u*, E*, B*) be the global solutions to (1.12) and (1.14) given by
Propositions 2.3 and 2.4, respectively. Introducing the error unknowns

(ﬁa’qe’Ea’Ba) — (pa‘ _ p*’q{;‘ o q*7E8 o E*’Bg _ B)’
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we have the error system
(0yp° +divg =0,

0T + T+ FE + pE £V (p(p°) - p(p"))
¢ q€>

= —e¢° X B — %0,¢" — ¥ div ( =
(6.1)

- 1 -
OE* — -V x B* = —0,E* + ¢,
19

- 1 .
0,B° + -V x EF =0,
19

| div EF = —f7, div B* = 0.

Due to the low-order term —d;E* in the third equation, it is difficult to establish the desired
convergence rate of (p, ¢, E¢, B®). In order to overcome this difficulty, we construct the as-
ymptotic expansion

(pZJ qz:w EZ? BCEL) - (p*7 q*7 E*a B) + 5(017 qi, E17 Bl)
Looking for the equations satisfied by (p1,q1, E1, B1), we formally see that

* * * 1 *
p(pe) = p(p" +ep1) = p(p") + 2P (7)o + 5% (p7)pi + O(Y),
pSES = p*E* + e(p*El + plE*) + &2 (p*EQ + plEl) + O(e%),
e x BE =eq* x B+e*(q* x B +q x B) +0(e?),

and

1> 13 * *
g2 div (—q“ = q“) =2 div (q @;q ) +0(£%).
o p

Inserting these expressions into (1.12) and identifying the coefficients in terms of the powers of
€, we obtain

o1 +divg, =0,

@+ V(@ (p)p) = —(p"Er+ pE*) — ¢ x B,

V X Bl = @E* — q*, diVEl = —pP1,

V><E1:O, d1V31:0

Note that F; is given by —AFE; =V x VE; — Vdiv E; = Vpy, or, equivalently,

(6.3) E, = A"%Vp,.

(6.2)

Since (p*, ¢*, E*, B) is known by (1.14), we have
OE* = A2Vo,p* = —A"*Vdivg".
Similarly, from (6.2) and (6.3), it is clear that
—AB; =V xXVB; —VdivB; =V x (" —¢") = -V x ¢".
Consequently, we have
(6.4) By = —A?V x ¢".
Then, p; satisfies the drift-diffusion type equation

(6.5) Op1 — div (V' (p")p1) + p E* + p*VA?p1) = div(¢* x B).
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Without loss of generality, (p1,q1, El,Bl) is supplemented by the initial datum p;|—g = 0,
which implies

(6.6) Qili=0 = —q*|i=0 X B, Eili=0 =0, Bili=o = —A">V X ¢*|1=0.

Then, by (1.12) and (6.2), (p5, ¢, E5, BS) solves

(8,05 + div g = 0,

2005 + @5+ V(p(p*) +ev' (p")p1) = —p*E; —epr B* —eq* x B —&?div (%)
(6.7) < Ok — %V x B = q; + (0B — q),

1
81532 + -V X EZ = 88,531,
£
(divE:=1—p;  divB:=0.

Recall the initial layer correction ¢§ defined in (2.26). In order to derive the convergence rate
e of (p%, ¢¢, E¢, B®), we turn to analyze the error

(68) (/527 q«i? E{i? Bé) = (pE o pZ? qE o qZ o qiv B — Ezv B — BZ)?
such that (6.1) becomes
(0,7 + div; = J5,
005+ G+ P (DY + By = Jg + J5 + J5 + U5,
-1 .

(69) @tEé — EV X BZ = (IZ + J5E

-1 .
OB +-V x EX = Jg,

. € ~

(divE; =—p,  divB; =0,

with
(6.10) Js = (0 () — ' (05)) Vs + (P () — P’ (1)) Vi, — pLE° — (p* — 1)EE,
and

(Ji = div gy,

& 3

L) =V le) - o) 2 )m).

(6.11) J; =e(pi(E° — E*) — ¢ x B° 4+ ¢" x B),
JZ = —828tq* — 5381&(]1,
Js = e(0Er — qu),

\Jg = EatBl.

q

JE = —2div (

Note that all the sources on the right-hand side of (6.9) have the order €, so it is possible to
derive the O(e)-bounds from (6.9).

6.2. Regularities of the profiles. Before deriving bounds for (p, ¢4, Ey, Bi), we need the L?
regularity of p* and E*. Due to E* = A™2Vp*, assuming that p; — 1 € H~! seems necessary.
We have the following lemma.
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Lemma 6.1. Let (p*, E*,q*) be given by Proposition 2.4 and assume that pj — 1 € H™'. We
have (2.23) and

sup ([lo*(6) — L + lla*(OlIze + 12 (1)]172)
teRT

(6.12) +/ (") = 11 + g™ @NZ= + 1 E*(0)l72) dt < Cllog = L1 rpm-
0

Proof. Recall that ¢* = A™%(p* — 1) and E* = A2V (p* — 1). Applying A~! to (1.15) gives
AT (p" = 1) =P (DAAT (p* = 1) + A7 (p" = 1)
(6.13) = —A"div (' (p") = P'(1))Vp* + (p* = DAT2VpY).

Performing L? energy estimates on (6.13) and using the fact that A~! div is a bounded operator
from L? to L?, we have

%l\/\l(p* = DIz +20' D" = 1z2 + A7 (0" = DIIZ2
<Ol (p") =V (1)Vp'l[72 + Cll(p" = DA™V
< Cllp* = U7 (IVo 172 + [AT2Vp"|[72)

(6.14) < Coi[IVp i+ Cllp" = Ul llp™ = %=,

from which and (2.23) we obtain

sup [[A™p"(t) — 1|7 +/O (o™ (t) = 172 + 1A p" (2) — 1|7 it

teRT
< Celo™ W s (I (g5 = DI + [ Vo (0] )
0
(6.15) < Clloy = L1 ppm-

Since E* = A72V(p* — 1), (6.15) directly implies
(6.16) sup [|[E*(t)]7: +/ 1E* ()72 dt < Cllp* = LI5-1rppm-
teR+ 0
Furthermore, employing (2.23), (6.16) and ¢* = —Vp(p*) — p* E*, we arrive at
sup " (0= + [ I (O] at
0

teRT

< CO(1+ sup [p*(t) — 1H?fm>( sup ([lp"(t) = 17 + [|1E*(1)]172)
teRt teR+

+ /OOO (" () = 13 + 1B ()1132) )

(6.17) < Cllps = U-snpm-
Combining the above estimates (6.15), (6.16) and (6.17) yields (6.12). O

6.3. Uniform estimates for (pi, ¢, F1, B;). We have the following lemma.

Lemma 6.2. The Cauchy problem of (6.5) with pi|i—o = 0 admits a unique global solution
p1 € C(RT; H™). Let (q1, Ev, By) be determined by (6.2),, (6.3) and (6.4). Then, it holds that

sup o —sppm + Nar @O lfpm—s + 1B s + [ BLE)[7m-1)
te

(6.18) +/ o s ppmer + lasOllm + [EL O pmsr + [ Bu(t) ) dt < Cs,
0
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where C, is a positive constant depending on pj.
Proof. Note that (6.5) can be rewritten as
Orpr — P'(1)Ap1 + p1
(6.19) v (§(p) — P1)Vn) +div (¢° x B+ piE* — (0" — A2V py).

with the initial datum p;|;—90 = 0. According to the standard theorem for parabolic systems,
there is a unique solution p; € C(RT; H™) to (6.19) with p;|;—=o = 0. Then, similarly to
(6.14)-(6.15), we have

sup [|A™ o (1)1 12 +/0 (A~ or()1122 + lloa (0)1172) dt

teRT

< / (10" = VA 204(8) 2 + [ n B* (1) 22 + la" (1) x B|Z) el

< C/O (Ilp*(t) = UL IV oL (IIZ2 + llo"(8) = LIZs VA2 pa (8) 20
+ o1 ONZs 1B (DL + ||q*(t)||iz) dt

1 o0
<3 [ Il a
0

(6.20) + C/Ooo (e (®) = s + IVE* O er @l + lla" @I1Z2)

where the embeddings H' < L?, H' < L5 and H™ ' < L™ have been used. Concerning the
higher-order estimates, one deduces from (3.4) and (3.6) that

sup (V1 (8) Zcs + / 1901 (6) 1%
0

teRT

<c [ (16 = POITp@lans + 17 = 1A p1(0)an
B @)y + 1147 (8) Bl )V pa8) 1

1 o0
<3 / 1501 ()| dt
0

620 40 [ (0 = U+ 1B OB s + 0" Ol .

Adding (6.20) and (6.21) together, using Gronwall’s lemma, (2.23) and (6.12), we infer that

sup 1842y + / RO —"
teRT 0

(6.22) < CeC I e Oy HIVE (017 —2) dt /oO g* (O)||2ms dt < C..
0

This, combined with £, = A2V p;, gives rise to
(6.23) sp | Es(O)lrs + [ IE(OInindt < C.
teR+ 0
For Bj, note that
By =-A?Vx ¢ =-A"V x ((p" —1)A>V(p* = 1)).
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As [[ATPV x [l < Cf| - [lg-1+ < C - || ¢ due to L5 < H', one deduces from (2.23) that

sup | B ()22 + / | By (#)2 dt
0

teR+

< Csup [[(p" = DAV (" = 1)(0)[7 ¢ + 0/ 1(p" = DAV (p" = D(B)II ¢ dt
0

teR+

< Csup ([lp*(t) = L7 |AT2V x (p*(t) = DI72)
teR+

dsup (0~ 1 [ 1AV % (')~ DIt
0

teRt
< Csup (16"(0) = Ul () — 1) + sup 1°(0) — 1 [ 70— 111t < C..
teR+ teRt 0
Similarly, it follows that

sup IIVBl(t)||2.m+/ IV By ()2 dt
0

teR+

< Csup (1 (®) = Wgallo’(®) = 1) + 500 1°(6) = U [ [1°0) = U e < C.
te 0

teRt
Noting that g1 = =V (p'(p*)p1) — (p*E1 + p1E*) — ¢ x B, we obtain
sup g (t)|| g1

teRt
< C sup (I () Ol + 10" Br(t) azos + lon B (O)ll s + 7 (1) o)
te
< Csup (1410 (0) = Ul + lpa(6) ) (o Ol s + 1B (6) s + 1B 1) 1)
S
+ llg* (t) e 1) <c.,

and

/0 lan ()

<c /Ow (41 (®) = U+ Noa( ) (lor Ol + IO + 1Bl

+ la* Ol ) dt < C..
Combining these estimates, we end up with (6.18) and finish the proof of Lemma 6.2.

The convergence estimates of the remainder terms J¢ (i = 1,2, 3,4,5) are as follows.

Lemma 6.3. Let J; (i = 1,2,3,4,5) be given by (6.11). Then, we have

(6.24) / 1) B dt < C, / V() ms dt < C,
0 0
(6.25) / (15O s + 1T (02 + 1)) < C2,
(6.26) / 12 2 < O,
0

(6.27) / () 2 dt < O, / 1JE(E) am it < C,
0 0
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where C' > 0 1s a constant independent of ¢.

Proof. The estimates concerning J7, J5 and J5 are similar to that of Lemma 4.1, so we omit
the details. Recall that

@ ==V ()p) = p By —pE = ¢ x B, E1=A"Vp,.
Thus, in accordance with (1.14) and (6.2), we have
g = 0,(— Vp(p*) — p*E*) = V(' (p") div¢*) + div 1 E* 4+ p* AV div gy,
and

g1 =0 (= V@' (p")p1) — p"Er — pE* — ¢* x B)
= =V (p"(p")pr divqr + P/ (p*) div @) + div g* Ey + p*"A >V div ¢,
+divg E* 4+ p A2V div ¢* — 9,q4" x B.

Consequently, using (2.23) and (6.18), we have

o0

©628) [ WO pneadt < sup U OlFn) [ (1o Ol + lon(0)n) dt < =
S

and

620 [ IEOBwd < [T 0O+ la)) < cet

As
JE = (OB — q) = e(A*Vdivg, — q1),

one verifies that

(6.30) [ 1EO e < 2 [Tl @< o2

Finally,

Je = 0B = —eA"*V x 0,¢" = eA"?V x (div QB+ (p" — 1AV divql).
It holds by (6.12), (6.18) and L5 < H~' that
|10l < 0 [T (v aB O+ 16" - DAY div a0l ) af

< Cé? /OOO (Idiva B2 + (0" = DAV divar (1)) dt
< Cé? /OOO (I div a1 E*@)1172 + [lp* (1) = L7 1AV div ai (t) 72 dt

< 052/0 g1 (D)% dt < C2.
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For the higher-order estimates, one also deduces from (3.3) and H™ ! < L* that
/0 176 (1 d < 062/0 (Idiv g B (t) [ + (0" = DAV div qa (8) 7 ) it

< 082/0 (Il div g ()| 7oe | E* @) + | div qa (81 |1 27 (£) 17
+1p" () = UL IA*V div qu (8) [ + (127 (8) = Ll [AT*V div 1 (£)]|7) dt

< 082/0 (E“ @)1 m + llo" () = Ll ) a1 ()17

< / I () dt < C22.

Consequently, we have the first estimate in (6.27). Similarly, ||J¢(¢)||g= has the L' time inte-
grability:

/0 1JE(8) ot < Ca/o (1 div g1 B* ()l gosrgims + 107" — DAY div u(8) | gosrms)
<Ce [ (1B @ln +17(0) = im0 )

00 1 o5} 1
<Ce( [ QB O+ 1070 = W) )" ([ (0l ) < =
This finishes the proof of Lemma 6.3. O

6.4. Low-order error estimates. We prove the error estimates in L? of the solutions (p°, ¢°, E¢, B®)
and (p*, ¢*, E*, B*) associated with the systems (1.12) and (1.14), respectively.

Lemma 6.4. Let (5°,¢, B¢, B°) = (p° — p*, ¢ — ¢*, E° — E*, B — B). For allt >0, it holds
sup (577 + 1@ @ON17 + IE= 017 + 1B=(#)]72)
€

+ /Ooo (17 )17 + 13 @17 + 1 E=(0)]172) dt

(6.31) < C(llp5 = P72 + 125 — Egllze + 1B5 — BeIIZ2) + C<?,
where C' > 0 is a uniform constant.

Proof. As emphasized in Subsection 6.1, our idea is to derive the estimates of (55, G5, ES, BS)

defined in (6.8) and then recover the desired estimates for (5%, ¢, £, B°) due to the bounds for
profiles p1, ¢, E1 and B; obtained in Lemma 6.2.
Recall that equations (6.9),-(6.9), are

O, +div g, = Ji,
6.32 ~
(6.32) G + 4+ p (V)VE + ES = J5 + J5 + J5 + J§.
Taking the inner products of (6.32), and (6.32), with p/(1)p{ and g5, respectively, we have
d ~c ~c ~c [e e
@ WIANL: + 2 1G05:) + 201607 +2(EE, &)
(6.33) =2p' ()(J5, ) + 2(J5 + J5 + J5 + JL, @2)-

To cancel the last term on the left-hand side of (6.33), we shall make use of the structure of
(6.9). In fact, from (6.9),-(6.9), one has

d [ D, ~c 1€ e 1€ € pe
(634) %(HE(‘?H%Q + HBEH%?) - 2<Qa7Ea> = 2<J57Ea> + 2<J67 Ba>'
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Adding (6.33) with (6.34), we obtain

d _ N ~ ~ -
= (POIFEIR + 2108 + 1B + 1B + 2003

= 2 ()(J5, 3o) + 2005 + J5 + J5 + J5, @) + 2(J, E%) + 2(J5, B;)
1 ~c € ~ - € [ € e
< §|lqalliz + 20 (W5 2175 2 + Cv [ T3 N7 + vI LT + 201 5|2l BS ] 2
(6.35) + C(I 51172 + 151172 + 151172 + 15 ]172)-

Here, v > 0 is a small constant to be chosen later. Similarly to that in (4.21), using the
regularity estimate of (p%, E¢, B?), (p*, E*, B*) and (py, E1, By), we have

t
/0 16 ()72 dt < € sup (VL () IZee + llo" () = LZeo + [1p7(t) = LLee + [1E*(#) [ 7)

t'€0,t]
X /Ot (173 + I Ea(t)I[72) @t
(6.36) <0G+ 65+9) [ (10l + 1O .
Thus, integrating (6.35) over [0,¢] and using (6.24)-(6.27) and (6.36), we arrive at

Sup (7@ + @@z + 1B @17 + B2 (2)]I72) +/ 1G5 (0)117 dt
te 0

< C(I172(0)lI72 + G2 (0) 172 + IIEZ(0)IIZ2 + | B(0)172)

t
+C(01 + 6+ e+ y)/0 (15 ()3 + (| Ea(t)]172) at’
+C/0 (TS5 N72 + 1T5@E) 172 + 1T5 @)1 72 + v 5 (@)172) dt

0 [T IOl + 1550l12) dt sup (1720002 + 1Bz(0)]22)
< C(IREOIF +2IF O + 1 EO)I* + 1B O)?)

+C(51+6;‘+5)/0 (15131 + || Ea(t)|132) dt
1 - ~ _
(807 42+ ) sup (1503 + I Bo@)3) + C(1+v7)e
2 teR+

Note that

(75(0),G:(0), £5(0), B5(0)) = (p4—p, Vlos), Es—Ej, Bi—B°)+2(0, —*|i=ox B, =A™V x¢"[1=0).
Using
¢ =-=Vpp) = p E*,  E*=AT7V(p'—1)=VA(p" - 1),
and the regularity condition p5 —1 € H-'N H™ | we know
q"li=0 = Vp(ps) + poVA* (5 — 1) € L2,

In addition, we have
V X ¢lio =V x ((05 = 1)VA?(p — 1))
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and
ATV % ¢*|=o)llz2 < Cll(p5 = DVA™ (o5 — D)l g
< Cl(po — VA (5 = Dl 5
< Cllps = s VAT (o5 — 1)l 2
(6.37) < Cllpo = Ulamllpg = U1,

due to L3 — H 1. Consequently, it holds
1750122 + 122 (0) 122 + [1EZ(0) 172 + 1| B5(0)]| 2
< C (65 — pili2s + 155 — Bgll2e + |1 Bs — BE|%) + Ce2.
As 41, 07 and ¢ are sufficiently small, the following estimate holds:

oo
Sup (2222 + G ONZe + 1 EZ L2 + 1 B2 ()]172) +/ G2 ()22 dt
€ 0

< O(lloh = Pl + 185 — By 2 + 1 B5 — BF|122) + C(1+v7))e?
(6.38) H@dirern) [ 17O+ B0 d.
0

Next, the dissipation estimates of pj are established as follows. Taking the inner product of
(6.9), by V7 and making use of (6.9), and div £, = —pf, we have
PWIVEIZ: + 15217
= X0z, Vi5) — (G5, Vi) + (S5 + J5 + J5 + J5, Vi)

d
= —?— (G, Vo) + || div @ |17 + (J5 + J5 + J5, Vpy) — eX(divE, J5)

dt
d ~c ~E ~c : ~E € € €
< —62E<qa,vpa> + CF |32 + Ce2|| div @G ||7> + Cl 5172 + Cll 5117 + (151172
. . P, o
(6.39) + | J51132 + C21J5 |7 + TIIVPQH%»

Thus, integrating (6.39) in time and recalling (6.36), we discover that
t /
(1 . B
/0 ( g_) IV G132 + 1713 ) v

< %G, Vis)

' t ~ t
L+ Cu 61 +2) [ (Ol + 1BOIE) at +C [ a0l ar

+ C/Ot (e[ div gz ()12 + 1 TT T + N5 @72 + 15 ()17 + 15 (E)1Z2) dt’.
As the bounds of p?, p*, p1, ¢%, ¢* and ¢ have been obtained, it holds
(6.40) Sup 155 @)z + /OOO (@Ol F + IV BE@) ) dt < C.
By (6.6), (6.40) and p;|t—o = 0 we have
(6:41) (g VL) ; < gzl 21V Azl 2 + e*llale=ollz2llpf — pollze < Ce?llGz 72 + Ce™.

Here we used

g [e=oll2 < IVP(P)l 2 + [lpoEoll 2
< Cllp" = Uar + C(L+ g — Uiz Egllz2 < C.
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Putting (6.24)-(6.25) and (6.52)-(6.41) into (6.40), we derive
| v+ Izi)

gcwwm@m@+c/|m@MMﬂ

teR+ 0
(6.42) +C(0 + 97 +¢) / (||,6a(t)||§{1 + ||Ea(t)||2L2) dt + Ce?.
0

Another key point is to establish the dissipation estimate of the error E¢ required in (6.38).
Taking the inner product of (6.9), by EZ, making use of (6.9), and keeping in mind that

div E2 = — ¢, we obtain
P div E5 172 + [|E5 72
= =0, EL) — (@ ED) + (S5 + Js + J5 + J5L EY)
d - - .
= —52%@2, Eq) — (G, Eq) +(Jg + J5 + J5 + Ji, E7)
+e(de, V x Bg) +X(d;, J5)
d ~c  ThE ~ ~c DE
< =& {0, Bo) + CllGNze + OGN 2= + OV x Bz
+ O 572 + ClIs N7 + 150172 + 151172 + €215 (172
Consequently, it follows that
1

5 | WOIROR+ 1EOI:)

t t
< -G, Vi) + C [ gl e
0

t
+C 5@ dt
0
t
+/ (EIVBIENZ + 157 + 15 @)L + 15 @I + 2[5 ()]1Z2) dt',
0

which, together with (6.25)-(6.27), (6.36) and (6.40), leads to

/ IES()|72 dt’ < C sup &G (1)]7- + C/ 1 (t)172 at’
(643) 0 teR+ 0

+a&+m[$ﬂxm%ww@mﬁaw+&?

Finally, we let (6.38) 4 1(6.42) +n(6.43) with a uniform small constant 0 < n << 1 and then
obtain
sup ([125(0]172 + 21 ON172 + IEZ D72 + 1BZ(D)]122)

teRt
+/0 (@5 + 13 ON7 + 1 E5(1)]172) dt

< Cllp§ — pollze + I1E5 — 5l + 185 — B|72) + C(1+ v 1)e?

+C@+ﬁ+s+ﬂA (IO + B2 (0)]2.) dt.
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Let €9 € (0,1) be a suitably small constant. In the case € > ¢y, one easily gets (6.31) using the
uniform estimates of (g%, ¢, £°, B°). When ¢ < ¢y, choosing a suitably small constant v > 0
and making use of the smallness of §', ! and ¢, we conclude that

Sup (Z2ONZ + G 1z + I EZONZ + 1BZ(H)172)
€

+/0 (72O + 1 (ON1Z2 + [ EZ(@)]I72) dt
(6.44) < C(llp5 — pollz + 155 — Egliz= + 1 B5 — BeIIL2) + C<*.

In light of (6.44), (6.18) and the fact that (52, ¢, B2, BS) = (5°, ¢, E°, B%) + (p1, q1, By, By),
(6.31) holds. O

6.5. High-order error estimates.
Lemma 6.5. It holds
sup ([V5° () |-z + 2| VG )2 + | VE ()32 + [V B (1) | )

teRt
+/O (V5" O s + IVE O Fpz + [ VE* (1) ][z dt
(6.45) < C(IIV (05 = po)ligm—2 + IV (EG — Eg)[3m—2 + IV (B5 — BY)|[3m—2) + Ce*,
where C' > 0 is a constant independent of ¢.

Proof. Before deriving (6.45), we need to establish estimates for (52, ¢, ES, BS). Let o € N¢
with 1 < |a| < m — 1. Applying 0 to (6.9) leads to

(8,0°5 + div 9°q = 9°J;,
20,070 + 0°; + P/ ()VO° e, + 07 = 9°Jg + 0°J5 + 9°J5 + 0° 5,

. 1 -
(6.46) 00" B = -V x 07 B = 0°G + 0° ),

- 1 -
00" B + -V x 0° B = 0,
|divd*E; = —0°p;,  divo*B: =0.

Let v > 0 be chosen later. Carrying out the L? energy estimate for (6.46) as in (6.33)-(6.35),
we obtain

d Q ~e o ~€ a 1e « e  ~e
D050 + 10T + 10 Bl + 10 BEIS ) + 20075
1 o ~E a JE o TJE . TJE
< S10°G 7 + C (107112 + 10° 5172 + [10° 5 172)
+20' ()10 T || 2 10° 55 |l 12 + v |0V EE |72 + Cv |0 J5 |72
(6.47) +2([0% S| 21107 B3 || 2 + 2(0% 5, 0 Gg)-
Here, for any 1 < |a| < m — 1, the combination of (3.3) and Sobolev’s inequality

£l < CINV NI < CV f ]|

H2
yields
10° 51172 < CUIV?BElITe + IV T2 + IV E G2 ) (V5 g + [V E [ Fgn—2)

(6.48) !
+ [ Vpf|

trm=2 ||V 55 -
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Together with the regularity estimates of (p, E¢, B), (p*, E*, B*) and (p1, F1, By), this implies

t
/0 |0 T3 (1) 2 de
< C swp (IVFEE) s + [VE(E) Pps)

t'€0,t]

t
< / (1925 () B+ 190" () Py + [V E= ()| Bps)
+C sup [V 2 / V25 () s di

t'€[0,t]

t
(6.49) < C(01+ 07 +¢) sup (VAL (O)[l7m—2 + [VEZ () Fpm-2) + 01 /0 V2 55 () [ 2 .

t'€(0,t]

We shall use the faster rate of J§ and overcome its low regularity. The term (0“J§,0°q;) can
be addressed as

(6.50) (075, 0°0) = (A0 J5, A0° @) < Cll T [l am-2|Gall 1
Moreover, for 1 < |a] < m — 1 one has

10°55(0) 72 + 10°G(0) 12 + 10° EZ(0) 172 + [ B5 (0) 17

(651) < e (2 ES_E*2 Ba_BeQ 02
< oo — p*l|zrm-—1 + || EG ollgm—1 + 1| Bg | Fm—1 + Ce™.

By virtue of the uniform regularity estimates of (p°, E¢, B®), (p*, E*, B*) and (p1, F1, By), it
holds that

Sup 195 (E) [ +/0 (G O 1Zrm + IV B (@) |32 + IV () 7o) dt
€

(6.52) < C(01 + 01 +¢).

Integrating (6.47) in time and using the above estimates (6.48)-(6.51), we arrive at

sup ([ V55 ()| + VGO | + IVEZ )| s + [ VBL(0) [

teR+

T / IVGu ()| ps dt
0
< CU16% = i Pyrecs + |G = Eelymos + 1B — B[ Zs) + C2
4O +57+ ) sup (IVFOIFins + [V EEE) o)
te

O+ 1) / (V250 2+ [V EE () s dt
e / (IT5O s + 12O s+ 2 I E () s )

+ (/Ooo H‘]zf(t)H}%Im—Q dt) 1/2</Doo quZ(t”ﬁ{mdt) 1/2

#O( [ QO+ 1Ol + 1 5(0)22) )

x sup (||V75 () [Fms + IV EZ () [Fm2 + [V Be(#) 7).

teRT
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from which as well as (6.24)-(6.27) and (6.52) we infer

sup (V22 @)1= + eIV T (0 Fpms + IVEZ (D) Gz + IV B () [7—2)
te

4 [ IVE@ s d
0
< C (I = illns + 15 = EglFmcs + 155 = Blfncs) + O+ 071)

(6.53) O+ ) / (V27 () 2ps + IV EE (D) s .

This proves the result.

We now establish the dissipation estimates of 5. To this end, we rewrite (6.46),, as
(6.54) DG + p'(1)VO*pE + 0“EE = 0°J + 0°J5 + 0°J5 — £20,0°¢°.
After taking the inner product of (6.54) by 0V 5 and using
Ops = —div(¢F — ¢* —eq1) and 9°f5 = — div O“EE,
we obtain

P'()[VOVE 72 + 107V |17
d
— L0 VO + 0", AN )
+(0°UE + O°JE + 0°JF, VO )

d
< =&’ {07, VO ) + C*(|| div 07|72 + | div 9”7 + 7| div 0% au|72)
+ Cl0°F |22 + Cllo* T2z + Cll0* 5 |72 + [|0°T5 |2

p'(1)

NG

_|_

After integrating this in time, we discover that

t
1 / o ~€ (4] @ ~g (4] /
| GrOIvera @l + 101 d

< e*(0%¢°, VO i5)

0 [l ar

#02 [ (W i+ 10" O + 10Dy )
(6.55) # O RO s + 15 s+ 15O )
By p1li=o = 0, (6.6), (6.52) and ||¢5||gm + €||¢°||zm < C we have

t
(0%, VO i) ) S el IV el rrm2 + e (ellggllz2) 105 — poll s

< OV s + CUIV (05— ) [3cs + O,

(6.56)
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Putting (6.24)-(6.25), (6.49), (6.52) and (6.56) into (6.55) and using Young’s inequality, we
derive

/0 A

< ClIV(p5 = p)llrm—r + C* + C sup VAL ()2 + 0/ 1G5 (8 17 dt
0

teR+t

(657)  +C(8y+ 8 + ) sup (VA0 [Zms + IVEL(D) [Zms) + 6 / 192750 s .

teR+ 0

The next step is to derive the dissipation estimate of the error Ej . Taking the inner product
of (6.54) by 0*E¢ with 1 < |a| < m — 1 and using pg = —0* div E yields

10°EZ|I22 + 0/ (1) |0 div EZ|[7
= —52%@%, O°E5) + eX(0°¢°, 0,0°E5) — (0°G;, 0“ES) + (0°J5 + 0°J5 + 0% J5, 0°E5).
Note that
D,0“EE = %v x 0°BE + 0°¢ + Jg,
so that
(0%, 0,0°ES) = e(V x 0°G°, 0°B%) + 2(9°¢°, 0°G + Jg).
Therefore, for some constant v > 0 to be determined, we obtain
10 EZ|[2: + 1/ (1) |0 div EZ|[7
= 0T 0L + S 10 ELl + v Bl + Clo° g
+CE([0°¢ Iz + vV x 0°¢°[72)
+ |0 J5 |72 + Cllo%T5|[72 + Cllo* J5 |1 z2 + Cll0 J5 |7
Thus, it follows that

1 /[t -
5 | 1Bl e
0

5 t t t N
< =077, 0°E)| + 0/ IV ()7 dt’ + V/ IV B () [ dt’

+C(1+vt /||q 3w dt’ +/ IS () |3 dt’

+/0 (5 E s + I3 E rmr + 1TEETe + [ T5(E) [y ) it

which, together with (6.25)-(6.27), (6.49) and € sup,cp+ ||¢°(¢)|| gm-1 < C, leads to

| IVE®IEa
0
S CHV(Eg — E0)||12L1m—2 + 062

+ C(01 + 07 +¢) s1ﬂ1£ (V55 () |72 + ||VE§(t)||§{m_2) + 51/0 V255 (£) || 3m—2 dt
te

(6.58) +c/ VG (1) |ms dt+u/ IV B ()2 dt.
0

0
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We are in a position to obtain the dissipation estimate of BZ required in (6.58). For 1 <
/| <m — 2, we deduce from (6.46),-(6.46), that

|V x 8% B||2, = e(0,0° E5,V x 0¥ BE) — (0%, V x 8% BE) + (0% JE,V x 9% BY)
d [ Aad !~
= e (0" B,V x 0" B;) — (0¥, V x 0% B)
+ (0¥ JE,V x 0¥ BE) 4 (V x 0¥ EZ,V x 0% B)
— (8% x EZ, 0% J5).
Consequently, one discovers that

I )~
5/0 ||V x 0% BZ(t/)H%Q dt/

< e(0¥EE,V x 0% B?)

e / (NG s+ 1T ) s+ 1T () s

t
(6.59) + C/ IVEE ()31 at'.
0
By (6.27), (6.52), (6.59) and div B = 0, it yields

/0 IV B () [3mme dt < Ce sup (IVEZ(0)[Fm—2 + IV BE(#)[F-2)

teR+
(6.60) +Ce®*+C / IV EE()|| 22 dt'.
0

Collecting (6.53), n x (6.57), n x (6.58) and n x (6.60) with some small constant 7, taking v
sufficiently small and using the smallness of d;,0] and € < £; with some suitably small €, we
obtain

sup (|| V55 ()| + IV GO | + IVEZ ) | + [VBL(0) |-

teR+
+/O (VA Ol + IV @)z + IV EZ (@) [Fpe + IV HE (8|72 ) dt

6.61) < C(IV(po = po)llzzm—> + IV (EG — E)fm-2 + IV(B§ = B)lfpm-2) + C™.

In the case € > ey, it is clear that (6.45) holds thanks to the uniform estimates satisfied
by (7., B¢, B°). Using that (7, 4. B5, B5) = (7,4, £, B°) + £(p1, q1. v, By), the desired
bounds for (75, G, E¢, B°) follow. O
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